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ISOMETRIC IMMERSIONS INTO 
3-DIMENSIONAL HOMOGENEOUS MANIFOLDS 

BENOiT DANIEL 


Abstract. We give a necessary and sufficient condition for a 2-dimen- 
sional Riemannian manifold to be locally isometrically immersed into 
a 3-dimensional homogeneous manifold with a 4-dimensional isometry 
group. The condition is expressed in terms of the metric, the second 
fundamental form, and data arising from an ambient Killing field. This 
class of 3-manifolds includes in particular the Berger spheres, the Heisen¬ 
berg space Nila, the universal cover of the Lie group PSL 2 (R) and the 
product spaces x R and x R. We give some applications to con¬ 
stant mean curvature (CMC) surfaces in these manifolds; in particular 
we prove the existence of a generalized Lawson correspondence, i.e., a 
local isometric correspondence between CMC surfaces in homogeneous 
3-manifolds. 


1. Introduction 

A classical problem in geometry is to determine whether a Riemannian 
manifold V can be isometrically immersed in another Riemaniann manifold 
V. We will restrict ourselves to the case of codimension 1 immersions, i.e., 
V has dimension n and V has dimension n -|- 1. 

It is well known that the Gauss and Codazzi equations are necessary 
conditions relating the Riemann curvature tensor R of V, the Riemann cur¬ 
vature tensor R of V and the shape operator S of V. Denoting by V the 
Riemannian connection of V, these equations are the following: 

(R(A,y)z, w) - (R(A,y)z, w) = (SA,y)(sy, w) - (sy,y)(SA,iy) 
Vxsy - VySx - s[A, y] = r(x, y ) n , 

for all vector fields X, Y, Z and W on V. 

Moreover, in the case where V is a space-form, i.e., the sphere the 

Euclidean space or the hyperbolic space the Gauss and Godazzi 

equations are also a sufficient condition for V to be locally isometrically 
immersed in V with S as shape operator. In this case the Gauss and Godazzi 
equations involve only the metric and the shape operator of V. 

The author studied this problem when V is a product manifold x R or 
El” X R ( |Dan04j ). Then the Gauss and Godazzi equations involve the metric 
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of V, its shape operator S, the projection T of the vertical vector field (i.e., 
the unit vector field corresponding to the factor M) on the tangent space 
of V and the normal component v of the vertical vector field (i.e., its inner 
product with the unit normal of V). The author proved that the Gauss and 
Codazzi equations, together with two other compatibility equations coming 
from the fact that the vertical vector field is parallel, are a necessary and 
sufficient condition for V to be locally isometrically immersed in V with S 
as shape operator, T as tangent projection of the vertical vector field and ly 
as normal component of the vertical vector field. 

It is natural to try to generalize this result to other homogeneous man¬ 
ifolds. We will investigate the case of surfaces in manifolds of dimension 
3, i.e., n = 2. Indeed, the classification of simply connected 3-dimensional 
homogeneous manifolds is well known. Such a manifold has an isometry 
group of dimension 3, 4 or 6 . When the dimension of the isometry group is 
6 , then we have a space form. When the dimension of the isometry group 
is 3, the manifold has the geometry of the Lie group S 0 I 3 . 

In this paper we will consider the homogeneous manifolds whose isometry 
groups have dimension 4: such a manifold is a Riemannian fibration over 
a 2 -dimensional space form, the fibers are geodesics and there exists a one- 
parameter family of translations along the fibers, generated by a unit Killing 
field ^ which will be called the vertical vector field. These manifolds are 
classified, up to isometry, by the curvature k of the base surface of the 
fibration and the bundle curvature r, where n and r can be any real numbers 
satisfying k 7 ^ 4r^. The bundle curvature is the number r such V = 
tX X ^ for any vector field X on T, where V denotes the Riemannian 
connection of V. 

When the bundle curvature r vanishes (and then k 7 ^ 0), we get a product 
manifold M^(k;) x M where M^(k;) is the simply connected 2 -manifold of 
constant curvature n. Their isometry group has 4 connected components. 
The vertical vector ^ is simply the vector corresponding to the factor M. 
This case was treated in |Dfi,nn4] . 

When r 7 ^ 0, the isometry group has 2 connected components: an isom¬ 
etry either preserves the orientations of both the fibers and the base of the 
fibration, or reverses both orientations. These manifolds are of three types: 
they have the isometry group of the Berger spheres for a > 0, of the Heisen¬ 
berg space Nils for k = 0, and of PSL 2 (K) for k < 0. In this paper we 
will deal with these three types of manifold. Like for M^(«:) x M, the Gauss 
and Godazzi equations involve the metric of V, its shape operator S, the 
tangential projection T of ^ and the normal component of Denoting by 
K the curvature of ds^, these equations become 

K = det S -|- -|- (k — 4r^)z^^, 

VxSK - VySX - S[X, K] = (k - 4r2)zy((K, T)X - {X, T)Y) 

The first theorem is the following one. 
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Theorem (theorem EHI)- LetV be a simply connected oriented Riemannian 
manifold of dimension 2, ds^ its metric (which we also denote by {■,■)), V 
its Riemannian connection and J the rotation of angle ^ on TV. Let S be a 
field of symmetric operators Sy : V —> Tj^V, T a vector field on V and v a 
smooth function on V such that ||r|p + = 1. 

Let E be a 3-dimensional homogeneous manifold with a 4-dimensional 
isometry group and ^ its vertical vector field. Let k be its base curvature and 
T its bundle curvature. Then there exists an isometric immersion / : V —> E 
such that the shape operator with respect to the normal N associated to f is 

d/ o S o df~^ 

and such that 

e = d/(T) + vN 

if and only i/(ds^, S, T, z/) satisfies the Gauss and Codazzi equations for K 
and, for all vector fields X on V, the following equations: 

VxT = u{SX - t 3X), di^{X) + (SX - tJX, T) = 0. 

In this case, the immersion is unique up to a global isometry o/E preserving 
the orientations of both the fibers and the base of the fibration. 

The two additional conditions come from the fact that Xxf, = tX x for 
all vector fields X. 

We notice that this theorem seems specific to dimension 2, since the op¬ 
erator of rotation J is involved. 

The method to prove this theorem is similar to that of [DanOdj and was 
inspired by that of Tenenblat f |Ten71j l: it is based on differential forms, 
moving frames and integrable distributions. However, things are technically 
much more complicated here: in |Dann4j the proof was simplified by the 
fact that §"■ X M and H"' x M can be included in and in the Lorentz 

space respectively. We will first present the models used for the 3- 

dimensional homogeneous manifolds, and then we will prove the theorem. 

Finally we will give two applications of the main theorem to constant 
mean curvature (CMC) surfaces in 3-dimensional homogeneous manifolds 
with 4-dimensional isometry group. 

The hrst application is the existence of an isometric correspondence be¬ 
tween certain CMC surfaces in homogeneous 3-manifolds with the same 
anisotropy coefficient k — 4r^. This correspondence generalizes the classical 
Lawson correspondence between certain CMC surfaces in space-forms. This 
is the following theorem. 

Theorem (see theorem 15. 2f) . Let El and E 2 be two 3-dimensional homoge¬ 
neous manifolds with 4-dimensional isometry groups, of base curvatures ki 
and K 2 and bundle curvatures ti and T 2 respectively, and such that 


Ki — 4 tI = K2 — 4r|. 
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Let Hi and H 2 be two real numbers such that 

r! + Hi = rl + Hi 

Then there exists an isometric correspondence between simply connected 
CMC Hi surfaces in Ei and simply connected CMC H 2 surfaces in E 2 . 

This correspondence is called the correspondence of the sister surfaces. 

The second application is the existence of “twin immersions” of non- 
minimal CMC immersions in homogeneous 3-manifolds with non-vanishing 
bundle curvature. This twin immersion might be useful to prove an Alexan¬ 
drov-type theorem in these manifolds. 

Conventions and notations. In this paper we will use the following index 
conventions: Latin letters i, j, etc, denote integers between 1 and n (or the 
integers 1 and 2), Greek letters a, f3, etc, denote integers between 1 and 
n + 1 (or between 1 and 3). 

The set of vector helds on a Riemannian manifold V will be denoted by 
X(V). 

The Riemann curvature tensor R of a Riemannian manifold V of Rie¬ 
mannian connection V is defined using the following convention: 

R(A, Y)Z = YyY xZ — Y x^yZ -|-V ^x,y]^' 

The shape operator of a hypersurface V of a Riemannian manifold V 
associated to its unit normal N is 

SA = -VxN 

where V is the Riemannian connection of V. 

2. 3-dimensional homogeneous manifolds with 4-dimensional 

ISOMETRY GROUP 

In this section we will give the general setting for simply connected homo¬ 
geneous 3-manifolds with 4-dimensional isometry group and we will describe 
the models used. We will consider only those having non-vanishing bundle 
curvature (since the product manifolds M^(k) x M were treated in |Da.nn4j i. 
The reader can refer to |Sco83j for the geometry of 3-dimensional homoge¬ 
neous manifolds. 

2.1. Canonical frame. Let E be a simply connected 3-dimensional homo¬ 
geneous manifold with a 4-dimensional isometry group. Such a manifold 
is a Riemannian fibration over a simply connected 2-manifold of constant 
curvature n. The fibers are geodesics. We will denote by ^ a unit vector 
field on E tangent to the fibers; it will be called the vertical vector field. It 
is a Killing held (corresponding to translations along the hbers). 

We will denote by V and R the Riemannian connection and the Riemann¬ 
ian curvature tensor of E respectively. 

We assume that E is not a product manifold M^(k) x M. 
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The manifold E locally has a direct orthonormal frame {Ei, E 2 , E^) with 

E3=^ 

whose non-vanishing Christoffel symbols = (V E^) are the follow¬ 

ing: 

■p3 _ -pi _ p3 _ p2 _ 

i 12 — i 23 — 21 — 13 — 

= T — a, 

for some real numbers a and r 7 ^ 0 (this will be explicited in the sequel). 
Then we have 


[El, E 2 ] — 2tE 3, [E2,E3] — aEi, [E3,Ei]—aE2. 

We will call {Ei,E 2 , E 3 ) the canonical frame of E. For all vector field X we 
have 

V X E3 = tX X E3 

where x denotes the vector product in E, i.e., for all vector fields X, Y, Z, 
{X xY,Z) = de^EuE„E,)iX,Y,Z). 

Setting 

(R(W AY),Z AW) = (R(X, Y)Z, W), 
the matrix of R in the basis {E 2 A E^, E^ A Ei, Ei A E 2 ) is 

R = diag(a, a, b) 


with 

a = b = —3t^ -|- 2 aT. 

We now compute the curvature k of the base of the fibration. If M ^ M 
is a Riemannian submersion, then the sectional curvature of a 2-plane 11 in 
M generated by an orthonormal pair {X,Y) is 


K{U)=K{n) + ^\\[X,Y] 


where X and Y are horizontal lifts of X and T in M, .R(n) is the sectional 
curvature of a 2-plane II in M generated by {X, Y), and where Z'' denotes 
the vertical part of a vector field Z in M (see |(lar92| . chapter 8 ). In our 
case we get 

K = {R{Ei,E2)Ei,E2 ) + ^\\[Ei,E2 V\\^ = b+^\ |2ri?J| = b + 3 t\ 

Thus we have b = k — 3r^, and so 



Proposition 2.1. For all vector fields X,Y,Z,W on E we have 
{R{X, Y)Z, W) = {k- 3r2)(Ro(W, Y)Z, W) + [k - 4t2)(Ri(C; X, y)Z, IT) 


with 


Ro{X, Y)Z = {X,Z)Y -{Y,Z)X, 
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RiiV;X,Y)Z = {Y,V){Z,V)X + {Y,Z){X,V)V 
-{X,Z){Y,V)V-{X,V){Z, V}Y. 

Proof. We set X = X + with X horizontal and x = {X,^), etc. Using the 
multilinearity of the Riemann curvature tensor, we get a sum of 16 terms; 
the terms where ^ appears three or four times, or twice at positions 1,2 
or 3,4, vanish by antisymmetry. The terms where ^ appears once vanish 
because the matrix of R in the basis {E 2 A E^, A Ei, Ei A E 2 ) is diagonal. 
Hence we have 

(R(x,y)z,iu) = (R(x,y)z,iu) 

+yw{R{X, C)Z, 0 + yz{R{X, OC, 

+xw{R{C, Y)Z, 0 + xz{R{C, Y)^, W) 

= (k-3t^)((X,Z)(Y,W}-(X,W}(Y,Z}) 

+T^(yw(X, Z) - yz{X, W) - xw{Y, Z) + xz(y, W)) 

= (A^-3r2)((x,y)(y,iu)-(x,iu)(y,z)) 

-{k- 4t2)((X, Z) (y, 0 (fU, 0 + W) (X, i){Z, e) 

-(x,iy)(y,0(y,e) - (y,y)(x,o(iy,e)). 

□ 

2 . 2 . The manifolds with the isometry group of the Berger spheres. 

They occur when r 7 ^ 0 and k > 0; they are fibrations over round 2-spheres. 
They are obtained by deforming the metric of a round sphere in a way 
preserving the Hopf fibration but modifying the length of the hbers. Their 
isometry group is included in that of the round sphere. The reader can refer 
to |PM] . 

The sphere is the univeral covering of S 03 (]R), which can be identified 
with the unitary tangent bundle to the 2-sphere U§^. Indeed, the group 
S 03 (M) acts transitively on U§^, and the stabilizer of any point in is 
trivial. The unitary tangent bundle can be endowed with the metric 
induced by the standard metric on the tangent bundle T§^. We will give an 
expression of this metric. 

Let (x, y) ^ v^(x, y) be a conformal parametrization of a domain D in 
and let A be the conformal factor, i.e., the metric of D is given by A^(dx^ -|- 
dy^). Then a parametrization of UH is the following: 

{x,y,9) 1 -^ ^(/?(x,y), ^(cos^Sa, + sin 9dy) 

Let p = ip{x, y) G D, V G TpD and V G T(p „)(UiA). Let a{t) = {p{t),v{t)) 
be a curve such that v{t) G p{0) = p, i;(0) = v and q:'(0) = V. Then 

the norm of V is given by 
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where tt : UD D is the canonical projection. 
We set a{t) = {x{t),y{t),9{t)). Then we have 


and thus 
Du 
dt 


v{t) = ^{cos 6{t)dx + sin 6{t)dy), 

A 

A 9 

— ^(cos 9dx + sin9dy) + — (—sin 09a; + cos9dy) 
+j{cos9{xVd,dx + yVdydx) + sin9{xVd^dy + yVdydy)), 


where the dot denotes the derivation with respect to t. Since A = xXx + yXy, 
'^d^dx = ^dx - ^dy, Voydy = -^dx + ^dy and Va^dy = Va^dx = 
^dx + ^dy, we get 


Du 

dt 


^(A0 + yAa 


xXy){cos 9dy — sin 09a;). 


Thus 

Setting z = 0 on the universal covering, we get the following expression 
for the metric of UD: 


ds^ = A^(dx^ + dy^) + ( —^dx + ^dy + dz 

A A 


We now choose D = \ {oo} with the metric of constant curvature 4 

(i.e., the metric of the round sphere of radius given by the stereographic 
projection, i.e., 

1 + x^ + y 2 ■ 

Then we get 

ds^ = A^(dx^ + dy^) + (2A(ydx — xdy) + dz)^. 

More generally, endowed with the metric 

ds^ = A^(dx^ + dy^) + (TA(ydx — xdy) + dz)^ 


with 


1 + f(x2 + y2) 

is the universal cover of a homogeneous manifold E of bundle curvature r 
and of base curvature k > 0 minus the fiber corresponding to the point 
oo G §^. The fibers are given by {x = xq, y = yo} in these coordinates. The 
canonical frame is (Ei, E 2 , E^) with 

El = A“^(cos((Tz)9a; + sin((Tz)9y) +T(xsin((Tz) — y cos{az))dz, 

(1) E 2 = A“^(—sin(iTz)9a; + cos((Tz)9y) + r(x cos(itz) + y sin{az))dz, 

E3 = dz 
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with 

K 

which satisfy 

[Ei,E2] = 2tE^, [E2,E2,] = [E3,Ei] = ^-® 2 - 

This frame is defined on the open set E' which is E minus the fiber corre¬ 
sponding to the point oo e 

The Berger spheres in the strict sense are the manifolds such that k = 4. 

2.3. The manifolds with the isometry group of the Heisenberg 
space Nils. They occur when r 7^ 0 and k = 0; they are fibrations over 
the Euclidean plane. 

The Heisenberg space is the Lie group 

Nils = I ( 0 1 6 I ; (a, 6, c) G ]R3 I 

IVo 0 1 / J 

endowed with a left invariant metric. 

It is useful to use exponential coordinates. In this model, the Heisenberg 
space Nils is endowed with the following metric: 

ds^ = dx^ -|- dy^ + (^(ydx — xdy) -|- dz)^. 

The fibers are given by {x = xo,y = yo} in these coordinates. 

The canonical frame is (Ei, E 2 , E^) with 

(2) Ei=dx- rydz, E 2 = dy + rxd^, E 3 = d^, 

which satisfy 

[El, £'2 ] = 2tEs, [E 2 , Es] = 0, [Es, Ei] = 0. 

The reader can refer to |FMP99j (where r = ^). 

2.4. The manifolds with the isometry group of PSL2(M). They occur 
when T 7^ 0 and k < 0; they are fibrations over hyperbolic planes. 

The Lie group PSL2(M) with its standard metric can be identified with 
the universal covering of the unitary tangent bundle to the hyperbolic plane 
UEI^ equipped with its canonical metric. Indeed, the group PSL2(M) acts 
transitively on UH^, and the stabilizer of any point in is trivial. The 
unitary tangent bundle UH^ can be endowed with the metric induced by 
the standard metric on the tangent bundle TH^. The reader can refer to 
|Sco83j . We will give an expression of this metric. 

Let (x, y) e-> ip{x, y) be a conformal parametrization of and let A be 
the conformal factor, i.e., the metric of is given by A^(dx^ -|-dy^). Then, 

proceeding as in section we obtain that a metric on PSL2(K) is 
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This metric defines a homogeneous manifold with k = —1 and t = — 

More generally, we can take the Poincare disk model for the hyperbolic 

< M, where 


plane of constant curvature k < 0. The manifold 
B^(/9) = {{x,y) e < p^}, endowed with the metric 

ds^ = A^(dx^ + dy^) + (TA(i/dx — xdy) + dz)^ 


with 


1 + + 2 /^) 

is a homogeneous manifold of bundle curvature r and of base curvature 
K < 0. The fibers are given by {x = xo,y = yo} in these coordinates. The 
canonical frame is (Ei, E 2 , E^) with 

El = A“^(cos((T2;)9a; + sin((T2;)5y) + T{xsm.{az) — y cos{az))dz, 

(3) E 2 = A“^(—sin((T2:)5a; + cos((T2;)(9j/) + r(x cos(iT 2 ;) + y sm{az))dz, 

E3 = dz 


with 


which satisfy 


[Ei,E2] —2tE3, 



[E2,E3] — —El, 


[E3,Ei] 



3. Preliminaries 

3.1. The compatibility equations for surfaces in 3-dimensional ho¬ 
mogeneous manifolds. We consider a 3-dimensional homogeneous mani¬ 
fold E with an isometry group of dimension 4, of bundle curvature r and of 
base curvature k. Let R be the Riemann curvature tensor of E. Let V be 
an oriented surface in E, V the Riemannian connection of V, J the rotation 
of angle ^ on TV, N the unit normal to V and S the shape operator of V. 

Proposition 3 . 1 . For X,Y, Z,W G j£(V) we have 

(R(X, Y)Z, W) = {k- 3r2)(Ro(X, Y)Z, W) + {k - 4t2)(Ri(T; X, Y)Z, W), 
R{X, Y)N = {k- 4t^M{Y, T)X - {X, T)Y), 

where 

^ = {N, 0 , 

T is the projection of ^ on TV, i.e., 

T = f-vN, 

and Ro and Ri are as in proposition \2.1\. 

Proof. This is a consequence of proposition 12.1 1 using the fact that X, Y 
and Z are tangent to the surface and N is normal to the surface. □ 
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Corollary 3.2. The Gauss and Codazzi equations in E are 
K = det S + + (k — 

VxSy - VySX - S[X, Y] = {k- At^)u{{Y, T)X - {X, T)Y), 
where K is the Gauss curvature ofV. 

Proposition 3.3. For X G jCCV) we have 

VxT = u{SX - t 3X), dn{X) + (SX - rJX, T) = 0. 

Proof. On the one hand we have 

Vx? = Vx{T + izN) 

= VxT + diy{X)N + iyVxN 
= VxT+{SX,T)N + du{X)N -uSX. 

On the other hand we have 

VxC = rXxC 

= tX X {T + vN) 

= T{{dX,T)N -vdX). 

We conclude taking the tangential and normal parts in both expressions. 

□ 


3.2. Moving frames. In this section we introduce some material about the 
technique of moving frames. 

Let V be a Riemannian manifold of dimension n, V its Levi-Civita connec¬ 
tion, and R the Riemannian curvature tensor. Let S be a field of symmetric 
operators : TyV ^ TyV. Let (ei,... ,en) be a local orthonormal frame 
on V and (a;^,... ,u;”) the dual basis of (ei,... ,6^), i.e., 

w\ek) = 51 

We also set 

= 0 . 

We define the forms <^n+i “^n+i by 

= (Vej^ey,ei), u;J+^(efc) = {Sek,ej), 


Then we have 


^n+l 


n+1 


0 ;^+} = 0 . 


i 


Sck = 'Y^uj"'~^^{ek)ej. 
j 


Finally we set = (R(efc, ez)ey, e*). 
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Proposition 3.4. We have the following formulas: 

(4) dw* + ^ Up Auj^ = 0, 

p 

(5) = 

p 

(6) duj^j+ '^ujp Auj^ =Auj'', 

p k I 

(7) da;;+^+^w^+^Aa;J = i^^(Ve,SQ-Ve,Sefc-S[efc,ez],e,)a;'^Aa;'. 

p k I 

For a proof of these classical formulas, the reader can refer to |Dan OH, 
proposition 2.4. 

3.3. Some facts about hyper surfaces. In this section we consider an 
orientable hypersurface V of an (n + l)-dimensionnal Riemannian manifold 
V. Let (ei,... ,en) be a local orthonormal frame on V, e^+i the normal to 
V, and {El,..., En+i) a local orthonormal frame on V. We denote by V 
and V the Riemannian connections on V and V respectively, and by S the 
shape operator of V (with respect to the normal e^+i). We define the forms 
cu", Up on V as in section Then we have 

^6^6/3 = tUg(efc)e.y. 

7 

Let A G SOn+i(M) be the matrix whose columns are the coordinates of 
the ep in the frame (Ea), namely = {ep, Ea). Let Q, = (cu^) G 

Lemma 3.5. The matrix A satisfies the following equation: 

A-^dA = ^ + L{A) 

with 

k \y,5,s ) 

where the are the Christoff el symbols of the frame {Ea). 

Proof. We have 

ep = Y,A-pEa. 

a 

Then, on the one hand we have 

^efe®/3 = y^,<iAp{ek)Es + y^^ApVekEs 
<5 <5 

= E +E E E AAAsE., 
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and on the other hand we have 

7 £ 

Identifying the coefficients we get 
dA^(efc) = 

7 5 7 

= EE 

7 5 7 

since the frame {Ea) is orthonormal. 

We conclude using the fact that A~^ is the transpose of A. □ 

4. Isometric immersions of surfaces into 3-dimensional 

HOMOGENEOUS MANIFOLDS 

We consider a simply connected oriented Riemannian manifold V of di¬ 
mension 2. Let ds^ be the metric on V (we will also denote it by (•,•)), 
V the Riemannian connection of V, R its Riemann curvature tensor and 
J the rotation of angle ^ on TV. Let S be a field of symmetric operators 
Sy : TyV —> TyV, T a vector field on V such that ||T|| ^ 1 and v a smooth 
function on V such that ^ 1. 

The compatibility equations for surfaces in 3-dimensional homogeneous 
manifolds with 4-dimensional isometry group established in section |S3 sug¬ 
gest to introduce the following definition. 

Definition 4.1. Let E be a 3-dimensional homogeneous manifold with a 
4-dimensional isometry group. Let k be its base curvature and r its bundle 
curvature. We say that (ds^, S,T,i^) satisfies the compatibility equations for 
E if 

||r ||2 + z .2 = 1 

and, for all X,Y,Z e X(V), 

(8) K = det S -|- -|- (k — 4r^)u^, 

(9) VxST-VySX-S[X,y] = {k - At^)v{{Y,T)X - {X,T)Y), 

(10) VxT = u{SX -t3X), 

(11) du(W) + (SX - tJX, T) = 0. 

Remark 4.2. We notice that cni) implies m except when u = 0 (by differ¬ 
entiating the identity {T,T) + = I with respect to X). 
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Theorem 4.3. Let V he a simply connected oriented Riemannian manifold 
of dimension 2, ds^ its metric and V its Riemannian connection. Let S he 
a field of symmetric operators Sy : TyV —> TyV, T a vector field on V and v 
a smooth function on V such that ||r|p + = 1. 

Let K be a 3-dimensional homogeneous manifold with a 4-dimensional 
isometry group and ^ its vertical vector field. Let k be its base curvature and 
T its bundle curvature. Then there exists an isometric immersion / : V —> E 
such that the shape operator with respect to the normal N associated to f is 

dfoSodf-^ 

and such that 

e = d/(T) + uN 

if and only i/(ds^, S, T, z/) satisfies the compatibility equations for K. In this 
case, the immersion is unique up to a global isometry of E preserving the 
orientations of both the fibers and the base of the fibration. 

The fact that the compatibility equations are necessary was proved in 
section im To prove that they are sufficient, we consider a local orthonormal 
frame (ei, 62) on V and the forms a;®, uj^, loj, Uj, u)\ and cu^ as in section 
(with n = 2). 

From now on we assume that r 7^ 0 since the case r = 0 was treated in 
|Dan04) . 

We denote by {Ei, E2, E^) the canonical frame of E (see section ITTl : in 
particular we have E 3 = We denote by E' the open set where the canonical 
frame is defined (in particular we have E® = E when k = 0 or k < 0; see 
sections 101101 and IZl- 
We set 

T^ = {T,eu), T^ = u. 

We dehne the one-form 77 on V by 

g{X) = {T,X). 

In the frame (61,62) we have p = We define the following matrix 

of one-forms: 

0 = (o;^) e M3(M). 

For Z G S03(E), we set 

= E (E 

k \'r,5,e ) 

where the are the Christoffel symbols of the frame {Ea) (see section 
El. This defines an antisymmetric matrix of 1-forms. 

We also set u = ^. 

From now on we assume that the hypotheses of theorem 14.31 are satis¬ 
fied. We first prove some technical lemmas that are consequences of the 
compatibility equations. 
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Lemma 4.4. We have 


dr/ = —2tvu)^ a u?. 


Proof. By Jini we have dr/(X,y) = {VxT,Y) - {VyT,X) = 2tu{X,JY). 
Thus d7/(ei,e2) = —2tu. □ 

Lemma 4.5. We have 

dT^ = + 

7 

dT'^ = ^T^ojI-tT^oo^, 

7 

dT^ = T^ujI - tT^uj'^ + 

7 

Proof. The first two identities are a consequence of condition m and the 
last one of condition (lll|) . □ 


Lemma 4.6. We have 


dQ + QAQ = 


0 0 
—0 0 1 A 
0 0 0 


0 -T^ 

pi 


+ (K-4r2)r3( -T^ 0 

p2 _p 


A up. 


0 


Proof. We set T = dfi + 0 A 0 and = {R{ek,ei)ej, ef). By proposition 
roi we have 


k I 


Ih^uo'^Auo^+colAuv], 


and by the Gauss equation ((SI) we have R\ij = + coj A ujf{ek, ei) with 

:T 

3 


Ri^. = {k- 3T^){Spi - S^j6^) + {k - 4r2 )(t'T^ - T^T^S'^ - 5' ). 
Thus we get 


= (k - 3t^)uj^ a u3^ + (k - 4r2)(ra;^’ - A rj. 
In the same way, by proposition 1,4.41 we have 

-VeiSek - S[ek,ei],ej)uj^ aJ, 


\I/3 ^ 

^ 2 


k I 


and by the Codazzi equation we have 

(Ve,! 

Thus we get 


(Ve.Se; - Ve.Scfc - S[efc, 6 ^ 6 ,) = (k - - r7‘). 


$3 = (k - dT^)T^uj^ A rj. 
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Hence we have 


/ 0 1 0 \ 

^ -1 0 0 

\ 0 0 0 / 

/ 0 -T^ -T^ \ 

+(k - 4r2) T2 0 0 A ?? 

\ 0 0 / 

/ 0 -0 \ 

+(k - 4r^) -T^ 0 -T^ A ??. 

\ 0 r3 0 / 

We conclude using that co^ A t] = T‘^uj^ A uj'^ A t] = A and 

(rl)2 + (T2)2 + (T3)2 = 1. □ 

Lemma 4.7. We have 

/ 0 -r3 t2 \ 

L(Z) = (2r - a) r3 0 -T^ \ V 

\ _r 2 Ti 0 / 

/O 0 0\ /00-r\ 

+ 0 0 r a;^ + 0 0 0 u;^. 

\0 -T 0 / \r0 0/ 

Proof. We compute that 


= E EEE«^^r: 


fc \ 7 <5 £ 


fc 

7£ ^ 


E /_/ y 2 yl y3 , ryZ y 2 yl / 7 I y 2 y3 y3 yl ' 72 \ 
k 

+(r - a){Zlzlzl - Zizlzj))u;^ 

= Y.{ttP{zIzI-zIzI) + tT%zIzI-zIzI) 

k 

+{T-a)T\zlzl-Zlzl))u:K 

Moreover the matrix Z lies in S 03 (M), so it is equal to its comatrix. Using 
this fact we compute that 

L{Z)l = -(2r - a)T^{T^uj^ + TV), 

L{Z)l = (2r - cj)T^r2a;^ + (2r - a){T‘^fuj‘^ - 

L{Z)1 = —(2r — a){T^)‘^ui^ — (2r — cj)r^r^a;^ + 
which proves the lemma. □ 



16 


BENOIT DANIEL 


Lemma 4.8. We have 

L A L = r(2r — a)T^ 


0 -r3 T 2 

T3 0 -T^ 


LO^ A 


_ rjp 2 


0 


0 10 

+r(r — fj) ( —1 0 0 \uj^Auj^ 

0 0 0 


Proof. We compute that 


( ° 

pi 

r(2r — a) —T^ 

0 

V 0 


/ 0 

-T' 

+t(2t - (t) 

0 

\ 

0 

/ 0 -1 0 ^ 

\ 

+tM 1 0 0 

1 


, LO 


0 

0 


T] ALO^ 


0 0 0 

We conclude using that (T^)^ + (T^)^ + = 1- 

Lemma 4.9. We have 

0 -dT^ dT^ 


LaH + HAL = (2r — a)r] A | dT^ 0 

-dT 2 dT^ 

0 

+T(2r - a)T^ ( -T^ 0 

'-p2 _ rpl 


-dT^ 
0 

^3 _ ^2 

0 


A 


0-10 

+T(2r — <t) ( 1 0 d \u?-A uP' 

0 0 0 


0 0 0 


0 0 1 


0 1 0 

\ 

Proof. We compute that 

LaH + IIAL = (2r — a)rj A M 


-10 0 


+rti; A I —(Jg 
0 


0 —LOo 0 

0 w? 


LOo 


+rti;^ A 


0 ijj\ —uj\ 




0 0 


-u)i 0 0 


□ 


+T 0 0 -1 dw^ + T 0 0 0 dw^. 
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with 

( 0 -T^ujI + T^uj\ \ 

M = -T^ul + T‘^ujI 0 T^ul - T^ujI 

\ T^uoI-T^ujI -T^uj\ + T^ujI 0 / 

We conclude using lemma I4.5L formulas and ©, and the fact that 
(rl)2 + (T2)2 + (r3)2 = 1. □ 

For y G V, let Z{y) be the set of matrices Z G S03(M) such that the 
coefficients of the last line of Z are the T^{y). It is diffeomorphic to the 
circle S^. 

We now prove the following proposition. 

Proposition 4.10. Assume that the compatibility equations for E are sat¬ 
isfied. Let yQ gV and S Z{yo). Then there exist a neighbourhood Ui of 
yo in V and a unique map A -.Ui ^ S03(M) such that 

= n, 

\fyGUi, A{y)GZ{y), 

Muo) = ^0- 

Proof. Let U he a coordinate neighbourhood in V. The set 
T={{y,Z)GUxSOfiRy,ZGZ{y)} 
is a manifold of dimension 3, and 

= {(n, C) e TyU © TzS03(M); C| = {dT%{u)}. 

Let Z denote the projection U x S03(M) —> S03(M) C M3(M). We con¬ 
sider on T the following matrix of 1-forms: 

Q = Z-^dZ -Ll- L{Z) 

where L{Z) is defined in lemma E© namely for (y, Z) G T we have 

®iy,Z) ■ T(j/,z)3^ —*■ M3(M), 

eiy,Z){u, C) = - ^y{u) - LiZfiu). 

We claim that, for each {y, Z) G T, the space 

= heiQ^y^z) 

has dimension 2. We first notice that the matrix 0 belongs to S03(M) since 
fl, L{Z) and Z~^dZ do. Moreover we have 

(ze,)l = dz“ - ^ z3l(z)’ = dr« - -Y.r'uz)}. 

7 7 7 7 

Using lemmas 14.51 and K7\ we compute that 

(Z0)3 = 0. 

Thus the values of Q(y,z) He in the space 

:K = {H G5ofiR);{ZHfp = 0}, 
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which has dimension 1 (indeed, the map F : S 03 (M) ^ i—> {Z'p)p 

is a submersion, and we have H ^ “K and only ZH G ]ss.x{(iF)z)- 
Moreover, the space contains the subspace {{d, ZH)-,H G “K}, and 

the restriction of Q{y,z) on this subspace is the map (0, ZFf) H. Thus 
&(y,z) is onto !K, and consequently the linear map &{y,z) has rank 1. This 
finishes proving the claim. 

We now prove that the distribution D is involutive. We first compute 
that 

d0 = -Z-^dZ AZ-^dZ-dn-dL 

= -{Q + n + L)A{e + n + L)-dn-dL 
= -eAe-QAQ-nAe-nAL-LAn 
-nAQ-dn- LAL-dL. 

Using lemmas oiinnoiinii and the relation u = ^, we obtain 
d0 = -0A0-0AU-OA0. 

From this formula we deduce that if ^ 1,^2 £ 'Z), then d0(.^i,^2) = 0, and so 

©([6)6]) = 6 • 0(6) - 6 • 0(6) - d0(6)6) = 0 , i.e., [6)6] e Thus 

the distribution D is involutive, and so, by the theorem of Probenius, it is 
integrable. 

Let A be the integral manifold through (yo) ^o)- If C £ Tyi(,S 03 (]R) is such 
that (0, C) G = T>(2/o, ^ 0 ), then we have 0 = 0(yo,Ao)(O) C) = ^0 ^C- 

This proves that 

T(yo,Ao)'^0 ({0} X TaoS03(K)) = {0}. 

Thus the manifold A is locally the graph of a function A : Ui ^ S 03 (M) 
where Ui is a neighbourhood of yo in U. By construction, this map satisfies 
the properties of proposition 14. 101 and is unique. □ 

Proposition 4.11. Let xq G E (without loss of generality we can assume 
that xo G VJ). There exist a neighbourhood U 2 of yo contained in Ui and a 
unique function / : 1/2 —> E' such that 

df = {Bo f)Auj, 
fivo) = 3^0, 

where to is the column {uj^,uP‘,d) and, for x G E', B{x) G M 3 (M) is the 
matrix of the coordinates of the frame {Ea{x)) in the frame {dx^). 

Proof. We consider on Ui x E' the following matrix of 1-forms: 

A = B~^dx — Auj, 

namely, for (7 G C/i and x G E' we have 

A(g,x) ■■ TgUi © T^E ^ M3,i(M), 

A(g,x)(u,v) = B(x)~^v - A(q)iOg(u). 
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We first notice that for all (q, x) € Ui x E' the linear map ^{q,x) is onto 
M 3 ^i(M). Consequently the space 

S.{q,x) = kerA(g^ 3 ,) 

has dimension 2. We will prove that this distribution £ is integrable. 

We have 

dA = A da; — dA A a; — A A doj. 


By equations @ and 0 we have do; = —Q Aw; and by proposition 14. lOl we 
have dA = AQ. + AL{A). Thus we get 

dA = -B-^dB A A - B-^dB A Aw - AL(A) A w. 


Using lemma lO we compute that 
L{A) Aco = -{2t -a)T^ 


Ti \ / 0 

r2 1 W^ Aw^ - ( 0 ) w^ Aw^, 


and thus, using the fact that A^ = and A = comA, we get 

/ -^^3 \ 

AL(A)Aw= —o'AI w^Aw^. 

\ -2 tT^ ) 

We will use the notation (x, y, x) instead of (x^, x^) for the coordinates 

in E and we will use the local models described in sections and nai 

Using formulas o, m and ©, we get that the matrix B is 


B = 


cos{az) —X~^ sin((T 2 ;) 0 

A“^sin((T2;) A“^cos(c72;) 0 

r(xsin(T 2 ; — y cosfjz) t{x cos crz + ysinaz) 1 


with 


A = 


1 


We will write 


1 + f(x2 + 7/2)' 

Aw = I c? 

V 


with 


Then we have 


= Ajw^ + A^w^. 

A(cos(cT 2 ;)dx + sin(crz)d7/) — 
A = B~'^dX — Aw = I A(— sin(cjz)dx + cos(cjz)dy) — 

TX{ydx — xdy) + dz — rj 
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We also compute that 

( |A(xdx + ydy) —adz 0 \ 

adz ^\{xdx + ydy) 0 j 

a b 0 J 


with 

a = —X{y cos{az) — x sin(iTz))(xdx + ydy) + r(sin(iTz)dx — cos{az)dy), 


b = — —X{x cos{az) + ysm{az)){xdx + ydy) + r(cos((Tz)dx + sin(iT2;)di/). 
Thus we have 


B ^dS A Auo + AL{A) A cu 


( |A(xdx + ydy) A — adz A 
adz A + |A(xdx + ydy) A 
a A + b A 

( \ 

+ I —<7^3 I A U?. 

\ -2tT^ ) 


Using the above expression for A we get 

Adx = cos(iT 2;)A^ — sin((Tz)A^ + cos((T2;)a^ — sin{az)a^, 


Xdy = sin(iTz)A^ + cos((72;)A^ + sin(iT2;)a^ + sin(iT2;)a^, 
dz = + 1 ] — rA(ydx — xdy). 

The term in the first line of the matrix B~^dB A Au + AL{A) is 
— {y cos(iT2;) — X sin(iTz))a^ A + aT{y cos(iT 2;) — x sin(iT2;))a^ A 

—arj Aa^ — aAlco^ aJ^ + x^ 


where is a linear combination of the A" (the coefficients being 1-forms). 
Since cr = ^, the first two terms in this expression cancel. Moreover we 
have T] A = {A\A\ — A = —A\u)^ A uP, hence the term in 

the first line of the matrix B~^dB A Aur + AL(A) is x^- fh® same way, 
the term in the second line of the matrix B~^dB A Aoj + AL{A) is a linear 
combination of the A" which will be denoted by x^. Finally we compute 
that the term in the third line of the matrix B~^dB A Aoj + AL{A) is 


-^{x^ + y^)'^ A a^- Au^ + x^ 

where x^ is a linear combination of the A“. Since A“^ = 1 + f (x^ -|- and 
A = {A\A^ — AuP' = A uP', this term is simply x^- We 

conclude that 

B-^dB A Auj + AL{A) = x 

where x is a matrix of 2-forms which are linear combinations of the coeffi¬ 
cients of A. Finally we have 

dA = AA-x- 
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From this formula we deduce that if .^1,^2 £ then dA(^i,^2) = 0, and so 
[^1,^2] £ £• Thus the distribution £ is involutive, and so, by the theorem of 
Frobenius, it is integrable. 

Let A be the integral manifold through {yo,xo). If u G Ta,pIE is such that 
(0,u) G = Viyo^xo), then we have 0 = u) = B{xo)~^v. 

This proves that 

T{yo,3;o)-^l^ ({0} X T2 ,oE) = {0}. 

Thus the manifold A is locally the graph of a function A ■. U 2 ^ where 
U 2 is a neighbourhood of yo in Ui. By construction, this map satisfies the 
properties of proposition 14.101 and is unique. 

□ 


We now prove the theorem. 

Proof of theorem Let I/O G V, Aq G 2.(yo) and xq G E'. We consider 
on V a local orthonormal frame (61,62) in the neighbourhood of yo nnd we 
keep the same notations. Then by propositions 14.1 (11 o,nd RTm there exists a 
unique map A : U 2 ^ SO^(M) such that 

A-^dA = n + L{A), 

\/y G Ui, A{y) G Z{y), 

Muo) = ^0, 

and a unique map / : 1/2 ^ E' such that 

df = {Bo f)Auj, 

fivo) = 3:0, 

where U 2 is a neighbourhood of yo, which we can assume simply connected. 
We will check that / has the properties required in the theorem on U 2 - 
We have d/"(6fc) = {B{f)A)^, so in the frame (dx^^) the vector df{ek) is 
given by the column k of the matrix BA, which is invertible. Hence df has 
rank 2, and thus / is an immersion. Moreover, in the frame (Ea) the vector 
df{ek) is given by the column k of the matrix A, which is orthogonal, and 
thus we have {df{ep),df{eq)) = dg, which means that / is an isometry. 

The columns of A{y) form a direct orthonormal frame of E. The first 
and second columns form a direct orthonormal frame of T/(y)/(T) Thus the 
third column gives, in the frame {Ea), the unit normal N{f{y)) to /(V) in 
E at the point f{y). 

We set Xj = df{ej). Then we have 

dA“(6fc) = {Vx,Xj,E^) + {Xj,Vx,E^) 

= {^x,X„E^) + Y.Y. 

7 S 

= (Vx,Xj,Ea} + (AL(A))^(ek), 
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SO 

{Vx,Xj,N) = ^{Vx,X„E^)A^ = ^AUdA-ALiA))'^iek) 

a a 

wj(efc) 

a. ay 

= ^j{ek) = {Sek,ej). 

This means that the shape operator of f{V) in E is d/ o S o d/“^. 

Finally, the coefficients of the vertical vector ^ in the orthonormal 

frame (Xi, X 2 , N) are given by the last line of A. Since A{y) £ 2.(y) for all 
y e C /2 we get 

C = T^Xj + T^N = d/(T) + i^N. 
j 

We now prove that the local immersion is unique up to a global isometry 
of E preserving ^ (and also, consequently, the orientation of the base of the 
fibration). Let / : C/s —> E be another immersion satisfying the conclusion of 
the theorem, where C/3 is a simply connected neighbourhood of yo included 
in C/2, let (Xp) be the associated frame (i.e., Xj = d/(ej) and X 3 is the 
normal of /(V)) and let A the matrix of the coordinates of the frame (Xp) 
in the frame {Ea). Up to an isometry of E (which is necessarily direct), we 
can assume that /(yo) = /(yo) and that the frames (X^(yo)) and {Xp{yQ)) 
coincide, i.e., ^(yo) = A^yo). We notice that this isometry necessarily fixes 
^ since the T" are the same for x and x. The matrices A and A satisfy 
A~^dA = U + L{A) and A~^dA = U + L{A) (see section. A{y),A{y) G 
Z{y) and A(yo) = ^(yo); thus by the uniqueness of the solution of the 
equation in proposition mni we get A{y) = A{y). We conclude similarly 
that / = / on C/3. 

The proof that this local immersion / can be extended to the whole 
V (since V is simply connected) is exactly the same as the proof of the 
corresponding statement in theorem 3.3 in |Dann4) (it is a standard argu¬ 
ment). □ 

Remark 4.12. If (ds^,S,r, i/) satisfies the compatibilty equations and cor¬ 
respond to an immerion / : S —> E, then (ds^, S, —T, —v) also satisfies the 
compatibilty equations and corresponds to the immersion a o f where a is 
an isometry of E reversing the orientations of both the fibers and the base 
of the fibration. 

5. Constant mean curvature surfaces in 3-dimensional 

HOMOGENEOUS MANIFOLDS 

In this section we will give an application of theorem l4.3l to constant mean 
curvature surfaces (CMC) in 3-dimensional homogeneous manifolds with 
4-dimensional isometry group. Abresch and Rosenberg proved that there 
exists a holomorphic quadratic differential for CMC surfaces in x M and 
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X M, generalizing the Hopf differential for CMC surfaces in 3-dimensional 
space forms ( |AR,n3j 1. Since the Hopf differential is a very useful tool for 
CMC surfaces, this motivated many works on CMC surfaces in x R and 
X R. Recently, Abresch announced the existence of a holomorphic qua¬ 
dratic differential for CMC surfaces in all 3-dimensional homogeneous man¬ 
ifolds with 4-dimensional isometry group l [Ahrn4j l. This indicates that the 
theory of CMC surfaces in these manifolds may be particularily interesting. 

We will consider constant mean curvature immersions of oriented sur¬ 
faces. Consequently the mean curvature will be defined with a sign; it will 
be positive if the mean curvature vector induces the same orientation as 
the initial orientation, and it will be negative if the mean curvature vector 
induces the opposite orientation. 

We will denote by I and J the identity and the rotation of angle ^ on the 
tangent bundle of a surface. 

5.1. A generalized Lawson correspondence. It is well known that there 
exists an isometric correspondence between certain simply connected CMC 
surfaces in space-forms: more precisely, every simply connected CMC Hi 
surface in M^(Ari) is isometric to a simply connected CMC H 2 surface in 
M^(A 2 ) with Ki — K 2 = H 2 — Hf, and the shape operators of these two 
surfaces differ by {H 2 — Hi)l. Two such surfaces are called cousin surfaces. 
This correspondence is often called the Lawson correspondence. In partic¬ 
ular, any simply connected minimal surface in is isometric to a CMC 1 
surface in R^, and any minimal surface in R^ is isometric to a CMC 1 surface 
in H^. 

The Lawson correspondence is a consequence of the Gauss and Codazzi 
equations in the space-forms. 

In this section we will use the compatibility equations for homogeneous 
3-manifolds with 4-dimensional isometry group and theorem l4.3l to prove the 
existence of an isometric correspondence between certain simply connected 
CMC surfaces in these 3-manifolds. Hence this will be a generalisation of 
the Lawson correspondence. 

The technique will be to start with some data (ds^,S,r, i/) on a surface 
satisfying the compatibility equations for some homogeneous 3-manifold and 
to modify them in order to get data satisfying the compatibility equations 
for another homogeneous 3-manifold. An important fact is that the space of 
symmetric traceless operators is globally invariant by rotation. The easiest 
change is to keep ds^ and u, and to rotate T and the traceless part of S by 
some fixed angles; the Codazzi equation then implies that we need to take 
the same angle for T and the traceless part of S. 

Proposition 5.1. Tef Ei and E 2 he two 3-dimensional homogeneous mani¬ 
folds with 4:-dimensional isometry groups, of base curvatures ki and K 2 and 
bundle curvatures ti and T 2 respectively. Assume that 


Ki — AtI = K2 — 4r|. 
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Let Hi and H 2 be two real numbers such that 

r! + Hi = r| + Hi 

Let V be a surface with a quadruple (ds^, Si, Ti, z^) satisfying the compat¬ 
ibility equations for Ei and such that 

trSi = 2Hi. 

Let 

0 G M, 

T 2 = e^^Ti, 

S2 = e^lSi - Hil) + H2I. 

In particular S 2 is symmetric and satisfies 

tTS 2 = 2 H 2 . 

If the real number 0 satisfies 
(12) T 2 + iH 2 = e^lTi + iHi), 

then the quadruple (ds^, S 2 , T 2 , i^) satisfies the compatibility equations for ¥. 2 - 
Conversely, if the function v is not identically zero and if the quadruple 
(ds^, S 2 , T 2 , z^) satisfies the compatibility equations for ¥ 2 , then (|T^ holds. 

Proof. The fact that S 2 is symmetric comes from the fact that the space of 
symmetric traceless operators is invariant by a rotation. 

We have 

det{Sk-Hkl) = detSk-Hl 

for k = 1,2, and so 

det Si = det S 2 + Hf - Hi 

Let K be the Gauss curvature of the metric ds^. By the Gauss equation (jHl) 
we have 

K = det Si + + {ki — 4r^)z^^ 

= det S2 + Hi — H2 + Ti + (zvi — 4 ti )z/^ 

= det S 2 + r| + {k 2 - 4r|)zy^ 

since ni — drf = K 2 — drf and rf + L^i = + Hi Thus the quadruple 

(ds^, S 2 , T 2 , z^) satisfies the Gauss equation for E 2 . 

Since J commutes with Vx for all vector fields X, we have 

VxS 2T - VyS2X - S2[X, y] = e^lVxSiY - VySiX - Si[W, y]). 

On the other hand, a computation done in the proof of proposition 4.1 in 
|Dan04j shows that 

(y,r 2 )X - {X,T 2 )Y = e^l{Y,Ti)X - {X,Ti)Y). 

Hence the Codazzi equation for E 2 is satisfied by {ds'^,S 2 ,T 2 ,n). 
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To prove that the quadruple (ds^, S 2 , T 2 , i/) satisfies the compatibility 
equations m and m for E 2 , it suffices to prove that 

(13) S2-T2J = e®J(Si-riJ). 

Using the expression of S 2 , equation m is equivalent to 

(14) H 2 I-T 2 J = 

We notice that this is a purely algebraic condition: the shape operators are 
not involved anymore. We consider a local direct orthonormal frame and we 
will identify the operators with their matrix in this frame. Then we have 



Then equation d is equivalent to 

( H 2 = cos 0 + Ti sin 0, 

( r 2 = Ti cos 9 — Hi sin 6 . ’ 

i.e., it is equivalent to equation m- This proves the first assertion of the 
theorem. 

Conversely, if (ds^, S 2 , T 2 , i^) satisfies the compatibility equations for E 2 , 
then the compatibility equations (jinf) for (ds^, Si, Ti, z^) and (ds^, S 2 , T 2 , i/) 
imply that m holds at every point where v ^ 0. If there exists a point 
where v ^ 0, this implies that (j 12|1 holds. □ 

Theorem 5.2. Tef Ei and ¥,2 be two 3-dimensional homogeneous manifolds 
with A-dimensional isometry groups, of base curvatures ki and K 2 and bundle 
curvatures ti and T 2 respectively, and such that 

Ki — 4ri = K2 — 4r|. 

Let ^1 and ^2 be the vertical vector fields of Ei and E 2 respectively. 

Let T, be a simply connected Riemann surface and let xi : S —> Ei 6 e a 
conformal constant mean curvature Hi immersion with Hf ^ r|—rf. LetNi 
be the induced normal (compatible with the orientation ofT,). Let Si be the 
symmetric operator on S induced by the shape operator o/xi(S) associated 
to the normal Ni. Let Ti be the vector field on T, such that dxi{Ti) is the 
projection 0/^1 onto T(a;i(S)). Let v = 

Let H 2 £ M such that 

rl + Hi = r| + Hi 

Let 0 G M such that 

T 2 + iH 2 = e*®(ri + iHi). 

Then there exists a conformal immersion X 2 : E —> E 2 such that: 

(1) the metrics induced on E by xi and X 2 are the same, 

(2) the symmetric operator on E induced by the shape operator o/x 2 (E) 
is e^lSi-Hil) + H 2 l, 

(3) C 2 = dx 2 {e^^Ti) + VN 2 where N 2 is the unit normal to X 2 . 
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Moreover, this immersion X2 is unique up to isometries of E2 preserving 
the orientations of both the fibers and the base of the fibration, and it has 
eonstant mean curvature i?2- 

The immersions xi and X2 are called sister immersions. The number 9 
is called the phase of {xi,X2). 

This means that there exists an isometric correspondence between CMC 
Hi simply connected surfaces in Ei and CMC H2 simply connected surfaces 
in E2. 

Proof. Let ds^ be the metric on S induced by xi. Then (ds^, Si, Ti, i/) 
satisfies the compatibility equations for Ei. Thus, by proposition I 5 . 1 L the 
quadruple (ds^, S2, e^^Ti,u) with S2 = — Hil) + H2I also does. Thus 

by theorem I 4 .dl there exists an immersion X2 satisfying properties 1 , 2 , and 
3 , and this immersion is unique up to isometries of E2 preserving the orien¬ 
tations of both the fibers and the base of the fibration. Moreover, we have 
trS2 = ‘2H2, i.e., the immersion X2 has mean curvature H2. □ 



Figure 1 . The correspondence of the sister surfaces 
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Figure ^ helps visualizing which classes of CMC surfaces are related by 
the sister surface correspondence. We start from a CMC surface in some 
homogeneous 3 -manifold. Then we can go horizontally on the graph. We can 
go to the left until reaching a manifold with r = 0; in this case the absolute 
mean curvature \H\ increases. We can go to the right until reaching H = 0 ; 
in this case \H\ decreases. 

A particularity interesting case is when Ei is the Heisenberg space Nils 
with its standard metric (ki = 0, ti = ^) and E2 = x M {k2 = — 1, 
T2 = 0 ). Then CMC Hi surfaces in Nils correspond isometrically to CMC 
H2 surfaces in x M with = Hf -|- 1 . In particular we have the following 
corollary. 


Corollary 5 . 3 . There exists an isometric correspondence with phase 0 = § 
between simply connected minimal surfaces in the Heisenberg space Nils 
simply connected CMC ^ surfaces in x R. 


The fact that 6* = f suggests that this correspondence looks like the con¬ 
jugate cousin correspondence between minimal surfaces in R^ and CMC 1 
surfaces in ( |Bry 87 | , |UY 93 j i. This correpondence has nice geometric 
properties, and is useful to construct CMC 1 surfaces in with some pre¬ 
scribed geometric properties starting from a solution of a Plateau problem 
in R^ (see for example |Ka,rni] . |Daun 3 j i. 

In particular, if a minimal surface Si in Nila contains an ambient geodesic 
7, then the normal curvature of 7 vanishes, and so 

0 = ( 7 ',Si 7 ') = (7,-3827 + ^JV) = -(y,JS 27 ')- 

This means that 87' is colinear to 7', i.e., 7 is a geodesic line of curvature 
in the sister CMC ^ surface in x R. 

We describe two examples of sister CMC ^ surfaces in x R of minimal 
surfaces in Nila. We will use the exponential coordinates given in section 
12.31 (with T = ^). We will denote between parentheses ( ) the coordinates 
of a vector in the coordinate frame {dx,dy,dz), and between brackets [ ] 
the coordinates of a vector in the canonical frame (Ei, E2, E^)-, with these 
notations one has 


/ a\ 

a 

6 = 

b 


\{ya - xb) + c 


Example 5.4 (vertical plane). A vertical plane T in Nila is a flat minimal 
surface (but not totally geodesic). A conformal parametrisation is 


We have 


(f : {u,v) 



(pu = E 3 , (f^ = Ei, N = E2, 
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and so 


I' = 0, 


{T,du) = = 1 , 


{T,dv) = = 0, 


i.e. 


T = du. 


We also have 

so in the direct orthonormal frame {du, d^) we have 


S = 


1 

2 


0 

1 


1 

0 


We now show that the CMC ^ sister in x M of IP is the product 
IK X M where IK is a horocycle in We will use the upper half-plane 
model for Then x M = {{x,y,z) G > 0 } and the metric 

is ds^ = ^(dx^ -p dy^) -p dz^. We consider the direct orthonormal frame 
{El, E2, Es) defined by Ei = ydx, E2 = ydy, E^ = dz', it satisfies VeiEi = 
E2, VE1E2 = —El, and the other derivatives vanish. For TC, we can choose 
the curve of equation y = 1 in A conformal parametrization of IK x R is 


/ -u\ 

(^ : (u,u) I 1 I . 


We have 


and so 


<fu = -Ei, (fx = E3, N = E2, 
i> = 0 , T = d^. 


We also have 

= Ei = -(pu, = 0 , 

so in the direct orthonormal frame {du, dy) we have 


S = 


1 0 
0 0 


Hence, p induces on R^ the same metric as (p, and we have u = u,T = JT 
and S = JS -p ^I, so p is the sister immersion of p. The vertical lines in T 
are mapped to horizontal horocycles in IK x R, and horizontal lines in IP are 
mapped to vertical lines in IK x R. 
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Example 5.5 (surface of equation z = 0). The surface A of equation z = 0 
in the exponential coordinates is a minimal surface in Nils which is invariant 
by rotation about the z-axis (but it is not invariant by any translation; see 
[FMP99j b We consider the following parametrisation: 


(p : {u, v) >—■ 

for u > 0 (the origin in A is excluded). We have 



cos V 
ipu =1 sin u 
0 


'pv - 



cos V 
sinu 
0 


—usinv 

ucosv 


so 


{Pu,Pu) = 1 , 
{Pv,Pv) =u^ [l + 


{Pu,Pv) = 0 . 

The unit normal vector is N = we compute that 


ly = 


1 + ^ 


A direct orthonormal frame ( 61 , 62 ) is given by 

1 


We compute that 


61 = du , 62 = 


T = -- 


-A,- 




-A, 


2a/1 + ^ 


We now show that the CMC ^ sister in x M of A is the CMC ^ graph 23 
of theorem D in |NR.n4j . This surface 23 is also invariant by rotation about 
a vertical axis. If we take for the Poincare unit disk model, then 23 is 
the graph of the function (x, y) 

for X M, i.e.. 


y/l-x^-y'2 


We will use the Lorentzian 


= {(x°, x\x\x^) E L" X M; -(x")" + (x^)" + {x^f = - 


0\2 


„ll 2 


„ 2\2 


l,Xo > 0} 
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with the restriction of the quadratic form —(dx°)^ + (da:^)^ + (dx^)^ + (dx^)^. 
In this model, we consider the map 


/ 


If : {u,v) 


1 + ^ \ 


1 + 


■ cos V 


1 + ^sinn 


V Vl + X / 


for u > 0. We can check that it is a parametrization of 23 minus the ori¬ 
gin (using that the correspondence between the Poincare model and the 
Lorentzian model is given hy x + iy = z = x^). We have 

/ 0 \ 


/ uy^l + f \ 




1 + 


■ cos V 


1 + 


1 -I- ^ sin n 

u 

2 


fv = 


—u\/l -|- ^ sinn 


u 


1 + 


■ cos V 


so 


ifu, fu) — 1) 

\fvi fv) — 'll ( ^ ^ 

{fu,fv) = 0, 

so f induces the same metric as f. We compute that 


T = 


u 


l + — 

w 4 


=ei = JT. 


Thus we also have Moreover, fu points outwards and (p^ points in 

the counter-clockwise direction, so the normal N points up, i.e., > 0. So 

we get 

V = V. 

It remains to check that S = JS -|- |l. Since 7 ^ 0, the compatibility 
equations m for f and f imply that S = J(S — ^J) = JS -|- ^I. Hence (p is 
the sister immersion of p. 

The straight lines in A passing through the origin are mapped to the 
generatrices of 23, which are lines of curvatures lying in vertical planes. 
Thus the symmetries of 23 with respect to these vertical planes correspond 
to the symmetries of A with respect to the straight lines passing through 
the origin. 


Example 5.6 (CMC rotational spheres). The sister of the CMC Hi ro¬ 
tational sphere in Nils is the CMC rotational sphere in x M. 

Indeed, the sister of this sphere is a possibly immersed CMC sphere in 
X M, which is necessarily rotational by a theorem of Abresch and Rosen¬ 
berg f|AR03jb 






















ISOMETRIC IMMERSIONS 


31 


Remark 5.7. CMC H surfaces in x M have very different properties when 
H ^ ^ and when H > ^■, for example compact embedded CMC H surfaces 
exist only for H > ^. The reader can refer for example to |JNfl,n4j . An 
explanation is that CMC H surfaces in x M arise from minimal surfaces 
in a Berger sphere when H > in Nils when H = ^, and in a space PSL 2 (K) 
when H < ^. 

Remark 5.8. When k — 4r^ = 0, the sister relation is the composition of 
the classical cousin relation between the round 3-spheres and and of the 
conjugation by a phase 9 in the associate family. The hyperbolic 3-space does 
not appear in this classification since it is not a fibration over a 2 -manifold 
of constant curvature. 

Remark 5.9. A classical problem in the theory of minimal surfaces is the 
question of the existence of minimal isometric deformations of a given mini¬ 
mal surface. The compatibility equations show that an associated family of 
a given minimal surface (i.e., a one-parameter family of minimal isometric 
deformation of this surface obtained by rotating the shape operator) in a 
homogeneous 3-manifold E when r 7 ^ 0 cannot be obtained in a simple way 
as in X M or X M (see |Dan04j l. Indeed, if the quadruple 

(ds^, S, T, u) satisfies the compatibility equations for E, then, in general, the 
quadruple (ds^, e^'^S, e^^T, v) where 0 G M \ 27rZ does not. The question of 
the existence of the associate family for minimal surfaces in E when r 7 ^ 0 
remains open. 

5.2. Twin immersions. In this section we will study the special case of sis¬ 
ter immersions lying in the same homogeneous 3-manifold. They necessarily 
have opposite mean curvatures. 

Theorem 5.10. Let E 6 e a homogeneous 3-manifold with a A-dimensional 
isometry group, of base curvature k and bundle curvature r. Let be its 
vertical vector field. 

Let Yi be a simply connected Riemann surface and let x : S —> E 6 e a con¬ 
formal constant mean curvature H ^ 0 immersion. Let N be the induced 
normal (compatible with the orientation ofT,). Let S be the symmetric op¬ 
erator on Ti induced by the shape operator o/x(S) associated to the normal 
N. Let T be the vector field on S such that dx{T) is the projection of onto 
T(x(S)). Let n = {N,^). Let 

JJ 

6 = —2 arctan —. 

T 

Then there exists a unique conformal immersion x : S —> E such that: 

(1) the metrics induced on T, by x and x are the same, 

( 2 ) the symmetric operator on S induced by the shape operator o/x(S) 
is S = e®J(S - HI) -Hl = e®J(S - rJ) + rJ, 

(3) = dx{e^^T) -\- vN where N is the unit normal to x. 






32 


BENOIT DANIEL 


Moreover, this immersion x is unique up to isometries of E preserving 


the orientations of both the fibers and the base of the fibration, and it has 


constant mean curvature —H. 

It is called the twin immersion of the immersion x. 

Proof. This is a particular case of theorem 15.21 with Ei = E 2 = E, ti = 
—T 2 = r, Hi = —H 2 = H. It sufficies to check that the phase 6 satisfies 
T — iH = e*®(T + iH). 

The equivalence of the two expressions of S is a consequence of (tTH) . □ 

We notice that when r —> 0, then 0 —> vr, i.e., T —> —T, and also S —> —S. 
This limit corresponds to the image of the initial surface by a horizontal 
symmetry in M^(k) x R. 

Moreover, we notice that the twin surface of a multigraph (over a part of 
the base of the fibration) is also a multigraph (since a surface is a multigraph 
if and only if v does not vanish). 

This suggests that the twin surface could be used to get an Alexandrov 
reflection-type principle in homogeneous manifolds with non-vanishing bun¬ 
dle curvature, since there is no Alexandrov reflection principle (see |A]e62j i 
in these manifolds (the horizontal and vertical “symmetries” are not isome¬ 
tries). Such an Alexandrov reflection principle would be very useful for the 
theory of CMC surfaces in homogeneous manifolds, in particular for prov¬ 
ing that any closed embedded CMC surface in the Heisenberg space or in 

PSL 2 (R) is a rotational sphere (this was proved for CMC surfaces in R^, 
a 3-hemisphere, x R and a 2-hemisphere cross R using the Alexandrov 
reflection principle). 

We now give some examples of twin surfaces in the Heisenberg space Nila 
with its standard metric (i.e., k = 0, r = ^). We will use the exponential co¬ 
ordinates described in section ESI Figueroa, Mercuri and Pedrosa classified 
CMC surfaces in Nila invariant by a one-parameter family of translations 
or rotations (see |FMP99| : note that in their article the mean curvature is 
defined as the trace of the shape operator, whereas in this paper it is defined 
as the half of the trace). We will compute the twin surfaces of these exam¬ 
ples. We will denote between parentheses ( ) the coordinates of a vector in 
the coordinate frame {dx,dy,dz), and between brackets [ ] the coordinates 
of a vector in the canonical frame {Ei,E 2 , E 3 ). 

Example 5.11 (translational tubes). Let H > 0. The map 



with 
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for {u, v) G is a CMC H immersion defining a surface which is invariant 
by horizontal translations in the x-direction. This surface is an annulus, 
and it is a bigraph over a part of the minimal surface of equation z = ^; 
moreover it is “symmetric” with respect to this minimal surface. 

We have 


= 


( ^ \ 

1 

0 = 

0 

\ cos V 1 

cos V 

\ AH / 

. 2H . 


= 


( ° \ 

O 

1 sinf 1 

sini; 

. - 

2H 

V / 

1 


f'{v) = 2cosuy 1 + 


cos^ V 

4H^ ’ 


and so 


= 1 + 


COS^ V 


, <pv} - 


{,p’ui 'pv) - 


1 


Am 


COS^ V 


Am 

1 + 


cos^ V 


Am 


Am 


1 + 


COS^ V 


Am 


The unit normal vector is given by = compute that 


smv 


u = — 


1 I COS^ V 

^ + ~IIP~ 


We have 


{T,du) = {^,Pu) = 


cos V 
2H ’ 


{T,d,) = {^,p,) = 


cos V 
2H 


1 + 


COS^ V 

~AIP' 


We notice that v{ui,—v) = —u{u 2 -,v) for all (tti,U 2 ,u). This indicates 
that the twin immersion could be an orientation-reversing reparametrization 
of the surface. For this reason we set 


p : {u, v) I—> (p{u + h{v), —v) = 


u + h{v) 

COS V 
2iII 

iu+h{v)r-§i^-^fiv) 


AH AH~ 

where /i is a function. This is a CMC —H immersion defining globally the 
same surface as p. We compute that 
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and so 


= 1 + 


COS^ V 


(A. A) = + 

1 cos^nN 


cos^ V 


Am / ’ 


/ ~ ~ V / COS V \ , ,, . 008“ 1 

i^u, = ( 1 + jh{v)- 


COS^ V 


COS^ V 


Thus (f induces on the same metric as (p if and only if 


h'{v) = 


COS^ V 


2 m^i + ^ 

We now assume that this condition is satisfied; we can also assume that 
h{0) = 0. The function h is increasing. We have 


{f,du) = {^,Pu) = 


COS^ V 


{f,d.) = ^ - 1 • 

2 H^l + ^ V 4i^ J 

The direct orthonormal frame ( 61 , 62 ) obtained from the frame {du,dv 
by the Gram-Schmidt process satisfies 

du 

ei = tttttt. 


-{du,dy)du + WduW'^dy 


A computation gives 


\\du\?\\duf - {du,dy)^ = 


cos^ V 


Am \ Am 


Thus we get 


— j - 

/1 I COS^ V 

A/ -L + Aul 


COS^ V 


-.dy + 2Hdy. 


2 HJ 1 + ^-^ 


r-X I COS^ V V 

i + Tm' 


61 + 62 , 


So we have 
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T = 


cos V 


s 2 , 

4H2 


2 _j_ COS^ V 


2H 


ei — 62 


Let 9 = —2 arctan(2i?). Then we have 
„ 1 - 4iL2 


cos = 


1 + 4iL2 ’ 

Since Jei = 62 and Je 2 = —ei, we get 

e^Jr = f. 


cos 6 = — 


AH 


1 + 4iL2• 


Finally, the compatibility equation m implies that 

5 = e®'^(S-rJ) + rJ 

at points where 7 ^ 0 ; and by continuity this identity holds everywhere. 
This proves that (p is the twin immersion of p. 

Thus the translational tube is globally invariant by the twin relation, but 
it is not pointwise invariant: the correspondence is 

p{u, v) i-H’ p{u + h{v), —v). 

Geometrically, this correspondence maps a point of the tube to the other 
point of the tube lying in the same fiber and then translates it by h{v) in 
the x-direction. In particular, the closed curve v 1 —> p{uo,v) is mapped to 
the curve v e-> p{uo + h{v), —v), which is not closed. 

Example 5.12 (rotational spheres). Let H > 0. The map 

cos u cos V \ 

■fr sin u cos v , 

) 

with / as in example l^.llL for (u, v) £ M x (—^, ^), is a CMC —H immersion 
defining a rotational sphere minus the top and bottom points (the normal 
of the immersion points outside whereas the mean curvature vector points 
inside). It is a bigraph over a part of the minimal surface of equation z = 0; 
moreover it is “symmetric” with respect to this minimal surface. 

We have 


1 

— sin u cos V 

1 

— cos u sin V 


COS u cos V 

1 2 
— ^ COS V 


— sin u sin v 


{Pm Pu) — 


COS^ V 


1 + 


COS^ V 

Am 


{Pv,Pv) = + 


COS^ V 

Am 


{Pu ! Pv) 


COS^ V ^ COs2 V 

2m Am ■ 


and so 
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The unit normal vector is given by ; we compute that 

I \ ^u X </?t) 11 


smv 


u = 


1 

~jlp~ 


_j_ COS*^ V 


We have 


{T,du) = = - 


COS^ V 

2 H^ ’ 




cos V 
H 


1 + 


COS^ V 

'up' 


Let 


(p : {u,v) 


^ cos(u + g{v)) cos V 
(p{u + g{v),—v) = ( sin(u + 5 '(u)) cos u 


where g is a function. This is a CMC H immersion defining globally the 
same surface as (p. We compute that 

— sin(u + g{v)) cos v 
cos(u + g{v)) cos V 


1 


P’u — 


H 


— JJJ cos V 




— cos(u + g{v)) sin v — g'{v) sin(u + g{v)) cos v 

— sin(u + g{v)) sin v + g'{v) cos(u + g{v)) cos v 

and thus ip induces on M x (§, f) the same metric as (p if and only if 

, cosv 

9 [v) = -- 


H II + cos^^ 


s 2 1 

4iT^ 


We now assume that this condition is satisfied; we can also assume that 
(/(O) = 0. The function g is odd and 27r-periodic. We have 


V = V, 


{f,du) = i^iPu) = - 


COS^ V 
2 iL2 ’ 


(f,a„) = (e,<^„) = 


cos V 


HJl + " 


s 2 1 


COS^ V 

'up 


- 1 


The direct orthonormal frame ( 61 , 62 ) obtained from the frame {du,dv 
by the Gram-Schmidt process satisfies 


H 


ei = 


cos V\ 1 + 


=a. 


UP' 


62 — ,- Ou H . 


UP 


2a/1 + 
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So we have 


T = 


T = 



Let 9 = 2 arctan(2iL). We check as in example that 


e^Jr = r, 

5 = e^^(S-rJ) + Tj. 


This proves that (p is the twin immersion of (p. 

Thus the rotational sphere is globally invariant by the twin relation, but 
it is not pointwise invariant: the correspondence is 

(p{u,v) ^ (p{u + g{v),-v). 

Geometrically, this correspondence maps a point of the sphere to the other 
point of the sphere lying in the same fiber and then rotates it by the angle 
g{v) about the z-axis. In particular, the circle v i—> ip{uo,v) lying in a 
vertical plane is mapped to the curve v P>{uq + g{v), —v), which is closed 
but not contained in a vertical plane. 
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